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KEY ISSUES OF THE DISCIPLINE PROGRAM  ON THE THEME 

"ANALYTICAL GEOMETRY ON A PLANE" 

1. Coordinate systems on a plane 

 Coordinates converting using parallel transfer. Polar coordinate system. Equations 

of some curves in a polar coordinate system. 

2. Ways of a straight line setting on a plane 

 General equation of a line and its research. The canonical and parametric equation 

of a straight line. Equation of a straight line passing through two points. Equation in 

segments. Equation of a straight line with angular coefficient. Parallelism and 

perpendicularity conditions of two straight lines. The angle between two straight 

lines. Equation of a bundle of straight lines. Normal equation of a straight line. 

Distance from point to line. 

3. Second-order curves, their equations and properties 

 General equation of the second order line. Circle. Ellipse. Hyperbola. Parabola. 

Properties of lines of the second order and investigation of their form. 
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APPROXIMATED QUESTIONNAIRE FOR THE TOTAL KNOWLEDGE 

CONTROL 

1. Rectangular Descartes' and polar coordinate systems. The connection between 

them. 

2. Transformation of coordinates. 

3. The distance between two points on a plane. Separation of a segment in a given 

relation. 

4. Ways of setting a straight line on a plane. 

5. General equation of a straight line, its research. The straight line through two 

points. Equation of straight line in the segments. 

6. Linear equation with angular coefficient. A bundle of straight lines. Normal 

equation of a straight line. 

7. The angle between two straight lines on the plane, the conditions of parallelism 

and perpendicularity for two straight lines. 

8. Distance from the point to the straight line. 

9. Polar parameters of the straight line. Normal equation of a straight line. 

10. Circle. Equation of a circle. 

11. Ellipse. Canonical equation of ellipse. 

12. Canonical equation of hyperbole. Asymptotes of hyperbole. Equilateral 

hyperbole. 

13. Canonical parabola equation. 

14. Eccentricity and focal radii of ellipse and hyperbola. The general property of 

second-order curves. 
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1. ANALYTICAL GEOMETRY ON A PLANE 

1.1. Cartesian rectangular coordinate system on a plane 

Numbers taken in a certain order, which determine the position of a point on a 

straight line, or on a plane, or in space or on a surface, are called the coordinates of a 

point. Cartesian coordinates are most often used. 

Cartesian rectangular coordinate system on a plane – these are two 

mutually perpendicular coordinate axes Ox  and Oy  with the selected scale unit. 

Position of the point in the system xOy  is given by a pair of numbers x , y . 

 

 

The distance between two points  

 111 y,xM  і  222 y,xM : 

   212
2

12 yyxxd   

 

 

Separation of the segment  21MM   

in the given relation    is 

                   









1

xx
x 21 ; 










1

yy
y 21 . 

Coordinates of the middle of the segment 

21MM  ( where 1 ) are 

                    
2

xx
x 21  ; 

2

yy
y 21   

 

 

Triangle area ABC , where 

 11 y,xA ,  22 y,xB  and  33 y,xC  –  the 

coordinates of its vertices is 

3232

3131

yyxx

yyxx

2

1
S




  

1M  

2M  

d  

1x  2x  X  

2y  

1y

 12 xx   

12 yy   

Y  

O  

М 
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1.2. Polar coordinate system 

The most important except rectangular coordinate system is the polar 

coordinate system. It is given by a point O , which called a pole, and a beam Op  

beginning at the pole and called the polar axis. Also units of scale have to be set : 

linear – to measure lengths of sections and angle one – to measure angles. 

 

Consider a polar coordinate system and 

take an arbitrary point on a plane M . Suppose 

that OM  – distance from point O  to point 

M  and  OM,Op  – the angle at which you 

have to turn the polar axis counterclockwise to 

coincide it with the vector OM . 

The numbers   and   are called the polar coordinates of the point M . In 

this case, the number   is considered the first coordinate and is called the polar 

radius, and the number   is the second coordinate and is called the polar angle. 

Point with polar coordinates is denoted as follows:  ;M . The polar radius may 

acquire arbitrary nonnegative values  0 , оbviously, and the polar angle is 

considered to be changing within 0 . 

Relationship between rectangular Cartesian and polar coordinates 

Let's express the Cartesian coordinates of the point M  through the polar one. 

We assume that the beginning of the rectangular system coincides with the pole, and 

the axis Ox  – with the polar axis Op . If the point M  has Cartesian coordinates x  

and y  (  y,xM ) and polar   and   (  ;M ), then 

 

 

formulas for the transition from polar coordinates 

to Cartesian ones: 

cosx  ,  

 siny  , 

formulas for the transition from Cartesian 

coordinates to polar ones: 

22 yx  , 

x

y
arctg . 

 

Note: The last formula gives two values of the angle  , since it varies from 0  

to 2 . From these two values of the angle one has to take one that satisfies Cartesian 

coordinates x  and y . 

Y  

p  O  

X  O  

M  

  

  

M  

  

  

x  

y  
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1.3. Straight line on a plane 

The general equation of a straight line is 

0 CyBxA . (1.1) 

Let's examine the equation (1.1): 

– for 0C  equation (1.1) has the form 0 yBxA , that is, the straight 

line passes through the origin of coordinates; 

– for 0B  equation (1.1) has the form 0 CxA , that is, a straight line 

parallel to the axis Ox ; 

– for 0A  equation (1.1) has the form 0 CyB , that is, a straight line 

parallel to the axis Oy ; 

– when 0B , 0C  equation (1.1) has the form 0 xA , that is, we obtain 

the equation of the axis Oy ; 

– when 0A , 0C  equation (1.1) has the form 0 yB , that is, we obtain 

the equation of the axis Ox . 

 

1. Equation of a straight line passing through a 

given point  000 , yxM  and perpendicular to 

the vector  BAn ,  (normal vector of a 

straight line): 

    0yyBxxA 00  . 

 

2. The general equation of a straight line: 

0CyBxA  ,    ( 0BA 22  ) 

 

3. The canonical equation of a straight line (the 

equation of a straight line passing through a 

given point  000 y,xM  and parallel to the 

vector  m,ls   (directional vector of a straight 

line)): 

m

yy

l

xx 00 



. 

4. Parametric equation of a straight line: 









mtyy

ltxx

0

0
 

  

O  

 00 , yxM  

 m,ls   

Y  

X  

O
 

 000 , yxM

 

 B,An   

Y  

X  



 8 

 

 

 

5. The equation of a straight line that passes 

through two given points  111 y,xM  and 

 222 y,xM : 

12

1

12

1

yy

yy

xx

xx









, 

(
12

12

xx

yy
k




 ) 

 

 

 

 

 

 

 

6. The equation of a straight line in the 

segments on the axes: 

1
b

y

a

x
  

а – a segment that cuts straight line on the 

abscissa axis, b – on the ordinate axis. 

The general equation of line gives 

B

C
b

A

C
a  ;  

7. The equation of a straight line with an 

angular coefficient: 

bxky  , ( tgk  ). 

8. The equation of a straight line passing in a 

given direction through a given point 

 000 , yxM  (link equation): 

 00 xxkyy  . 

9. The normal equation of a straight line: 
0psinycosx    

 

Distance from point  0 0 0
,M x y to line: 

A straight line given by the normal equation 

 

psinycosxd 00M    

 

A straight line given by the general equation 

 

22

00
M

BA

CyBxA
d




  

 

2y  

1y  

1x  2x  

2M  

O  

1M  

Y  

X  

b  

p  

a  

  

O  

 000 , yxM  

Y  

X  

  
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Mutual arrangement of two straight lines on a plane 

General equation Canonical equation 
Equation with an 

angular coefficient 

0CyBxA:L 1111  : 
1

1

1

1
1

m

yy

l

xx
:L





: bxky:L 11  : 

 111 B;An    111 m;ls   11 tgk   

0CyBxA:L 2222  : 
2

2

2

2
2

m

yy

l

xx
:L





: bxky:L 22  : 

 222 B;An    222 m;ls   22 tgk   

1. The condition of the parallelism of two straight lines: 

 
 

2

1

2

1

B

B

A

A
  

 
 

2

1

2

1

m

m

l

l
  

 
 

 

21 kk   

2. The condition of perpendicularity of two straight lines: 

 
 

0BBAA 2121   

 
 

0mmll 2121   

 
 

1kk 21   

3. The angle between two straight lines: 

 
 

2
2

2
2

2
1

2
1

2121

BABA

BBAA
cos




  

 
 

2
2

2
2

2
1

2
1

2121

mlml

mmll
cos




  

 
 

21

12

kk1

kk
tg




  

 

1n  

2n  
1L  

2L  

1n  
2n  1L  

2L  

1n  2n  

1L  

2L  

1L  

2L  

2L  1L  

2L  
1L  2L  1L  

2L  

1L  
2L  

1L  

1s  

2s  

1s  

2s  

1s  

2s  
  

  

  

1  2  
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1.4. Second-order curves 

Curve 

Ellipse is the geometric location 

of the points of the plane, the sum 

of the distances of which from 

two given points of this plane, 

called focuses, is constant and 

greater then distance between the 

focuses 

Hyperbola is the geometric location 

of the points of the plane, for which 

the module of difference of distances 

from two given points of this plane, 

called focuses, is constant and smaller 

distance between the focuses 

 Ellipse with focuses on axis Ox  Hyperbola with focuses on axis Ox  

Equation 1
b

y

a

x
2

2

2

2

 , ba   1
b

y

a

x
2

2

2

2

  

Semiaxes, 

( a2 , b2  – 

axes) 

a  – big semiaxis 

 b  – small semiaxis 
a  – real; b  – imaginary semiaxis 

Focal length 22 baс   
22 baс   

Focuses  0;cF1 ;  0;cF2    0;cF1 ;  0;cF2   

Eccentricity 10,
а

с
   1,

а

с
   

Directrix 

formula 














c

a
x

a
x

2


 















c

a
x

a
x

2


 

Asymptotes – x
a

b
y   

Focal radii 

MxaMFr  11  – right; 

MxaMFr  22  – left; 

a2rr 21   

MxaMFr  11  – right; 

MxaMFr  22  – left; 

a2rr 21   

Picture 

 

 
Parabola is called the geometric space of points of a plane equidistant from a 

given point, which is called a focus, and from a given line, called the directrix and 

does not pass through the focus. 
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Parabolas symmetric with respect to the axis Ox  

Equation xp2y2   xp2y2   

Focuses 







0;

2

p
F  








 0;

2

p
F  

Directrix 

formula 2

p
x   

2

p
x   

Picture 

  
Parabolas symmetric with respect to the axis Oy  

Equation yp2x2   yp2x2   

Focuses 








2

p
;0F  










2

p
;0F  

Directrix 

formula 2

p
y   

2

p
y   

Picture 
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Displaced curves  00 y;xO  

Circle     22
0

2
0 Ryyxx   

 

Ellipse 
   

1
b

yy

a

xx
2

2
0

2

2
0 





 Hyperbola 

   
1

b

yy

a

xx
2

2
0

2

2
0 





 

  
Parabolas 

   0
2

0 xxp2yy      0
2

0 xxp2yy   

  

   0
2

0 yyp2xx      0
2

0 yyp2xx   

  

Y  

Y  Y  

Y  Y  

X  X  

X  

X  X  

X  X  

O  

O  O  

O  O  

O  O  

0x  

0y  

0x  

0y  

0x  

0y  

0x  

0y  

0x  

0y  

0x  

0y  

0x  

0y  

R  

a  
b  

a  

b  
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Example 1. Given points М1(3;4), М2(-2;0). Find the distance between them.  

Solution. By the formula    212

2

12 yyxxd    

   22
4032 d = 411625  . 

 

 
 

Example 2. The segment AB, wich connect points A (2, 5) and B (4, 9), divide 

in the ratio 1:3. 

Solution. By the condition of the problem, it is necessary to find the 

coordinates of the point C, which divides the segment AB in relation 
3

1
 .  

The point А(2;5) we consider as the beginning of the segment, and the point 

В(4;9) – as the end. In formulas 









1

xx
x 21 ; 










1

yy
y 21  х and у are unknown 

coordinates of the point С, х1 and у1 – are coordinates of the point А, х2 and у2 – are 

coordinates of the point В, 
3

1
 . Given х1=2, х2=4, у1=5, у2=9.  

So 
2

5

3

1
1

4
3

1
2







x , 6

3

1
1

9
3

1
5







y . 

The point С has coordinates 
5

;6
2

 
 
 

С . 

Example 3. Write a straight line equation 2х+5у-10=0 in segments and build 

this straight line. 

Solution. Let's rewrite the equation in form 2х+5у=10, since 1
25


yx
, so а=5, 

b=2. We set off the coordinates of the segments а=5, b=2 on the axes and through 

their ends (5;0) і (0;2) draw the straight line. 
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Example 4. Rectangular coordinates of the point А are given: x=1, y=1. Find 

its polar coordinates.  

Solution. By the formulas of the transition from Cartesian coordinates to polar 

ones: 

22 yx  , 
x

y
arctg  

we find 211 22  , 
41

1 
  arctg . Consequently, the polar coordinates of this 

point 2 , 
4


  . 

Example 5. Specify the feature in the location of the straight lines relative to 

the coordinate axes 

1) 2х-5у=0; 2) 3х-2=0; 3) 7у+12=0; 4) 5х=0; 5) 3у=0. 

Solution. 1) The straight line 2х-5у=0 passes through the origin of coordinates, 

since its equation does not contain a free member. 

2) The straight line 3х-2=0 is parallel to the axis Оу (its equation does not 

contain coordinates у). 

3) The straight line 7у+12=0 is parallel to the axis Ох (its equation does not 

contain coordinates х). 

4) The straight line 5х=0 coincides with the axis Оу (its equation can be 

rewritten in the form х=0). 

5) The straight line 3у=0 coincides with the axis Ох (its equation can be 

rewritten in the form у=0). 

Example 6. Write the general equation of the straight line 01234  yx  as: 1) 

with an angular coefficient; 2) in the segments on the axes. 

Solution. 1) The straight line equation with angular coefficient has the form 

bxky  . To get a given equation in this form, let's solve it relative у: 3у=4х+12, 
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4
3

4
 xy . The angular coefficient of the straight line is 

3

4
k , and the length of the 

segment that the straight line cuts on the ordinate axis is b=4. 

2) The straight line equation in the segments on the axes has the form 

1
b

y

a

x
 . To determine the size of the segments that the given line 01234  yx  

cuts, we use the formulas 
B

C
b

A

C
a  ; . 

From equation we get А=4, В=-3, С=12. 3
4

12
a 4

3

12



b . 

Thus, our equation in the segments on the axes have the form 

1
43




yx
 

Example 7. Make an equation of a straight line passing through a point (5;0) 

perpendicular to the straight line 0623  yx . 

Solution. We write the equation in terms of the angular coefficient: 

2
2

3
 xy . 

2

3
1 к . Since straight lines are perpendicular, 121 kk , thus 

3

21

1

2 
к

k . 

Consequently, the equation of the desired line according to the formula 

 00 xxkyy   has the form )5(
3

2
 xy , or 01532  yx . 

Example 8. Find the point of intersection of straight lines 0832  yx  і 

032  yx . 

Solution. By solving the system of equations 









032

0832

yx

yx
 

we get х=1, у=2. Consequently, the straight lines intersect at the point М (1;2). 

Example 9. Find the distance from the point M (-1; 2) to the straight line  

2х+у-1=0. 

Solution. We use the formula of distance from point to line 

 

22

00

BA

CyBxA
dM




 , 

we get: 

5

5

5

1

12

121)1(2

22





Md . 

 

Example 10. Record the equation of a circle with a center at C(2; -3) and a 

radius equal to 6.  

Solution. Given х0=2, у0=-3, R=6. According to equation  
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    22
0

2
0 Ryyxx  , 

we get     3632
22
 yx  or 0236422  yxyx . 

Example 11. Find the coordinates of the center and the radius of the circle  

0114222  yxyx . 

Solution. We group members that contain only x and only y: 

 

  424

112

22

22





ууу

ххx
 

The given equation we rewrite in the form  

    0114211
22

 ух  

    01621
22

 ух  

    1621
22
 ух  

Consequently, the center of the circle is at the point (1; -2), and the radius is 

equal to 4. 

Example 12. Make the ellipse equation knowing that: 

1) semiaxes are а=6, b=3; 

2) the distance between the focuses 2c = 10, and the large axis is 2а=16; 

3) the large semiaxis is а=12, and eccentricity is 5,0  

Solution. 1) The canonical ellipse equation has the form 1
b

y

a

x
2

2

2

2

 . 

Substituting into it а=6, b=3, we get  

1
936

22


yx

. 

2) We have 2с=10; с=5 

 2а=16; а=8. 

To write the equation of an ellipse, one must find a smaller semiaxis b. There is 

an addiction between the values of a, b, and c in the ellipse 
22 baс  , or 

222 cab  . In our case 3925642 b , so the equation of the ellipse looks like  

1
3964

22


yx

. 

3) а=12; we know, that 
а

с
 , in this equation we know value с. To determine 

it, we obtain the equation 
12

5,0
с

 , thus с=6. 
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Knowing that a = 12, c = 6, we will use the relation 
22 baс  , so we get 

10836144222  cab . 

The equation of the ellipse has the form 

1
108144

22


yx

. 

Example 13. Make a canonical  equation of hyperbola, if the distance between 

its vertices is 20, and the distance between the focuses is 30. 

Solution. The vertices of hyperbola lie on its real axis. It is given that 2а=20, 

2с=30. So, а=10, с=15. 

Values a, b and c linked by the relation in hyperbola 
22 baс  , hence 

125100225222  асb . Substituting the values a and b in the canonical equation 

of hyperbola 1
2

2

2

2


b

y

a

x
, we have  

1
125100

22


yx

 

Example 14. Find eccentricity of the hyperbola 144169 22  ух . 

Solution. We present an equation of hyperbola in canonical form  

1
916

22


yx

 

hence а=4, b=3, we find с 

52591622  baс . 

The eccentricity is 
а

с
 , 

4

5
 . 

Example 15. Parabola рху 22   passes through the point A(2; 4). Determine its 

parameter p  

Solution. We substitute in the parabola equation instead of the coordinates of 

the point coordinates А(2;4). We get  

2242  р , р416  , р=4. 
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