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Introduction
The rheology of highly viscous non-Newtonian

fluids has traditionally relied on numerous empirical
and semi-empirical models relating shear stress to
shear rate, often derived from Newton’s classical
equation. These models treat the fluid as a
homogeneous medium whose mechanical behavior
matches observed experimental results, a common
approach in continuum mechanics. This allows for
simplified analysis while avoiding the complexity of
interphase interactions [1–8].

Rheological models of non-Newtonian fluids
relate shear stress to shear rate through the medium’s
viscosity or consistency. It is worth noting several
semi-empirical formulas: the Bingham equation
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γττ &k+= ), Herschel–Bulkley
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), Ostwald–de Waele (
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= ),
Prandtl (for pseudoplastic fluids), Maxwell (for

viscoelastic fluids), and many other empirical equations
that do not reflect the actual mechanisms of shear
flow in such fluids. Models describing the behavior of
structured dispersed systems often do not fully comply
with physical laws, except in the case of individual
particles, and represent empirical or semi-empirical
approximations to the true behavior [9–15].

The aim of this study is to derive the general
equation of shear flow of highly viscous fluids and to
apply it in practice to the construction of rheological
models for various systems.

Results and discussion
Equation of shear flow of highly viscous fluid
Shear vortex-free flow of highly viscous fluids is

accompanied by shear deformation and displacement
of individual fluid layers with time relative to each
other along the axis direction (Fig. 1). From the
selected triangle (Fig. 1), the length of the deformed
edge is defined as



48

G.I. Kelbaliyev, S.R. Rasulov, M.R. Manafov

ISSN 0321-4095, Voprosy khimii i khimicheskoi tekhnologii, 2026, No. 3, pp. 47-54

( ) tγltγll &&
0

2

0 1 ≈+= . (1)

In this equation, the shear rate, γ& , can be
represented as the change in relative strain over time
in the form of a flow velocity gradient:

( ) ( )
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dV
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dtdxd

dt

dydxd x===γ& . (2)

The value of relative deformation of the liquid
layer is defined as

γλλ &== dydVdydx x . (3)

Here λ is the relaxation time, γ&  is the shear
rate, and t is the flow time.

The relaxation time and flow time are related
through the Deborah number equal to tDe /λ= .
Let us make the following assumptions: a) for highly
viscous fluids with Reynolds number 

Re

,
the convective terms are much less viscous; b) the
pressure distribution along the transverse axis is
negligible gradyP→0; c) in the equation of vortex-free
flow of a viscous fluid along the direction of the axis
x, let us assume that 2222

// yVxV xx ∂∂>>∂∂ .
Multiplying both parts of this expression by η , and
differentiating by y, yVxxy ℘∂−= /ητ , we finally
obtain 2222

// yx xx ∂∂>>∂∂ ττ .
Then, having omitted the lower indices, the

equation of viscous fluid flow directed along the axis
x, let us represent it in the following form:
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Multiplying both parts of equation (4) by η and
differentiating the obtained expression by y, changing
places of derivatives, we finally obtain:
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Taking into account the insignificance of the
transverse pressure gradient 1/ <<∂∂ yP  and condition
c), from expression (5) for vortex-free flow
characteristic for non-Newtonian fluids, we obtain:
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ν
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. (6)

The nonlinear expression (6) is a general second-
order rheological equation for shear flow of highly
viscous fluids. In particular, to solve equation (6),
consider the following boundary conditions:

∞→∞→=>= ττττ  ,  ; ,0 ,0 0 xtx . (7)

By introducing a dimensionless variable

tx νξ 4= , equation (7) is represented in the form:
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Considering the given boundary conditions (7),
the analytical solution of this equation will be
represented as

Fig. 1. Shear deformation of a cube of highly viscous fluid
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( ) ( )ξττττ erf00 −+= ∞ . (8)

If 0→∞τ , then the solution is represented as

( ))(erf10 ξττ −= . (9)

The error function can be defined by its own
formula [1,3]:
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It should be noted that, depending on the nature
of the boundary conditions, various analytical solutions
of equation (6) can be obtained.

The variable tx νξ 4=  is a complex function
of time and spatial coordinates.

Assuming Vtx =  and , and also taking
into account expressions (2) and (3), for large flow
times, one can write γλξ &= , where  is the
relaxation time.

Taking these expressions into account, solution
(8) takes the form:

. (11)

For power-law fluids, one can write

( )nn tx νξ 4= , ssubstituting this expression into
equation (6), we obtain:

(12)

Introducing the auxiliary variable nξτ ∂∂=z ,
we rewrite equation (12) in the following form:
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Solution (13) is expressed as  or
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The solution of equation (14) under condition
(7) is given as

. (15)

Let us consider special cases of expression (15).
If we assume that 1De << , corresponding to a large
duration of flow time, we can write 
either

( )( ) nn
kγτγλττττ && +=−+= ∞ 000

.   (16)

where ( ) nk λττ ∞−= 0
 is the consistency coefficient.

Equation (16) coincides with the Hershel-Bulkley

rheological model and n=1 with the Bingham model.
Having expressed the specific energy dissipation

per unit mass during the flow of non-Newtonian fluids
as 2

D γνε &=  [1,3], we define the dependence of shear
stress on energy dissipation considering (11) in the
following form:
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Using the property of the function erf (x) → 1 
at x≥3, we can obtain the value of specific energy

dissipation as ( ) νλε 2

D 3= , at which the shear stress
takes the maximum value ∞→ ττ  corresponding to
the formation of viscoelastic disordered structures.

Rheological models of oil disperse systems
Oil suspensions and emulsions belong to

multiphase systems characterised by all varieties of
phenomena inherent in disperse systems. Classical
features of disperse systems are: aggregate state of
phases, dispersity and size of particles, concentration
of dispersed phase and the nature of interaction at the
interface. A special class of these systems are oil disperse
systems, combining simultaneously in one volume
suspensions (solid phase–oil), liquid emulsions (water–
oil), gas suspensions (gas–oil) and many other forms
of their existence. In these systems, the first phase is
distributed in oil in the form of solid particles, water
droplets, dissolved gas bubbles and their various
combinations. In heavy oil, a special place is occupied
by the presence of dissolved asphalt-resinous and
paraffinic substances that play an important role in
structure formation with inherent rheological
properties. Oil disordered structured systems containing
coagulation structures from crystals of high molecular
weight paraffin and particles of asphaltenes-resins and
forming a chain or in extreme case a continuous grid
(framework), acquire the ability to flow only after
destruction of this grid at  (where τ0 is the
yield strength), and small external stresses produce
elastic deformation of the grid or framework. In
principle, heavy oils belong to aggregatively unstable
systems where there is continuous formation and
destruction of disordered structures through coagulation,
coalescence, aggregation, fragmentation and fracture.
Interaction of asphaltene particles is accompanied by
creation of rather strong aggregates of coagulation nature
and, first of all, doublets, triplets, due to Brownian
diffusion motion of separate particles [9–14].

These disordered structures disintegrate into
individual particles as a result of aggregate breakdown
under the action of shear flow, with the equilibrium
shifting towards the formation of individual particles
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as the shear rate increases. It can be assumed that
under the action of hydrodynamic forces there is a
stretching of all bonds between particles in the aggregate
up to a critical value, as a result of which this aggregate
initially disintegrates into aggregates of smaller sizes,
and then there is a secondary, tertiary, etc.
disintegration down to a single particle. In the limiting
case of infinite shear rate 0ττ >>  the complete
breakdown of aggregates down to a single particle is
possible and the flow of such oils or oil emulsions
can be considered as the flow of dispersed liquids.
Destruction of such structures is carried out at
imposition of an external load, which corresponds to
the following solution:

τ

. (18)

Equations (8) and (18) form hysteresis lines in
the formation (τ<τ∞) and collapse (τ>τ∞) of disordered
structures.

At the same time, it should be noted that despite
the large number of publications offering various
approaches in the field of rheology and filtration of
structured oils, there is still no satisfactory theory
linking rheological coefficients with structural and
rheological properties of oil, namely, interaction forces
between particles of asphalt-tar and paraffinic
substances, shear stress, structure of disordered
structures and size of aggregates.

Consider the dependence of shear stress on shear
rate for heavy oils using formulae (10) and (11) and
experimental data [6]:
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Figure 2 shows the comparison of experimental
values of shear stress with calculated values (20).

Effective viscosity of non-Newtonian disperses
systems

At present, there is no consensus on the
mechanism of non-Newtonian flow of dispersed
systems a1nd therefore the many flow equations 

τ

or rheological viscosity equations or )(τη  used in
practice are mostly empirical or semi-empirical. For
dispersed systems, using formula (11) under the
condition 

τ

 and 0  ,0 >≅ ϕϕγγ && , the
effective viscosity coefficient taking into account the 
volume fraction of particles, ϕ, can be defined as

( ) ( )ϕγληηηη 000 erf &−+= ∞ , (21)

where η∞ is the maximum effective or shear viscosity
of the dispersed system, corresponding to the shear
viscosity of a dense packing of particles with a
completed disordered structure at ϕ∞=0.74, ϕ is the
volume fraction of particles.

Expression (21), using (10), will be represented 
in the following form:
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where 0γλ &=k  is the empirical coefficient.
In the work [1], experimental studies of the

Fig. 2. Approximation of the dependence of shear stress on shear rate by different rheological models: 1 – the Hershel–Bulkley

model 44.0

00 8.19330 , γτγττ && +=+= nk ; 2 – the Ostwald-de-Ville model 92.0

0 9.23 , γτγτ && == nk ;

3 – the Bingham model γτγηττ && 75.1561 ,0 +=+= ; 4 – model (19), points – experiment [14]
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effective viscosity of non-Newtonian oil from the
content of asphaltenes at different temperatures were
carried out (Fig. 3). For West Siberian oils for
concentration of asphaltenes in oil in the range from
4 to 72 wt.%. Using equation (22), Figure 3 shows
experimental data and calculated values of viscosity
change of West Siberian oil depending on asphaltenes
content.

Here

273

5360
77.15ln 0 +

−=
T

η ,

273

13548
23.28ln

+
−=∞
T

η ,

T
k

2258
3.27ln −= ,

T  is the temperature (in 0C). The calculated curves
are very sensitive to the choice of initial and final
values of η0 and η∞, small changes in which can lead
to a strong discrepancy between the experimental data
and the calculated values.

When using expression (22) to describe the
experimental data without value η∞, the problem arises
of estimating the two coefficients η and k:

( )2100 1 ϕϕηη kk ++= , (23)

Fig. 3. Dependence of effective viscosity on the content of dispersed phase of asphaltenes at different temperatures (0C):

1 – 84; 2 – 112; 3 – 144. (I is the region of jump-like structure formation)

where k0 and k1 are two temperature-dependent
coefficients.

The value η∞ corresponds to the value of shear
viscosity of disordered coagulation structure of dispersed
medium at sufficiently high content of particles in a
unit volume.

Experimental studies have shown that at low
concentrations of dispersed phase the dependence of
shear stress on shear rate is linear.

Using experimental data, the rheological model
(8) or (13) can be represented as the Bingham equation:

γηϕττ &+= )(0 , (24)

where 
8.1

0 06.0 ϕτ = .
It should be noted that as the concentration of

the dispersed phase increases, the velocity of the

dispersed system decreases )1(0 ϕ−=VV , resulting

in a negative velocity gradient 0<
∂
∂

∂
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V ϕ
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Due to the difficulty in determining the value of

)( ∞∞ ϕη , corresponding to dense packing of particles,
in the case of neglecting the term associated with η∞,
a more practical formula for estimating the effective
viscosity of the suspension at ϕ<<ϕ∞, is the following
semi-empirical expression:











+= 22

0
2

exp ϕ
π

ϕηη kk . (25)



52

G.I. Kelbaliyev, S.R. Rasulov, M.R. Manafov

ISSN 0321-4095, Voprosy khimii i khimicheskoi tekhnologii, 2026, No. 3, pp. 47-54

For highly dilute dispersed systems (ϕ<0.1), the
second term in (25) is insignificant, then this equation
can be simplified to the following form:

( ) ( )ϕηϕηη kk +≅= 1exp 00 , (26)

which is a modification of the Einstein equation,
where k=2.5.

The analysis of many experimental data has
shown that the k coefficient depends on the particle
size, and the value of the coefficient increases with
their growth.

As follows from the experimental data and from
formula (24), the effective viscosity of the disperse
system depends significantly on the volume fraction,
size and shape of the particles. Moreover, with
increasing particle size, the effective viscosity also
increases. In all probability, in the limiting case,
depending on the particle properties, both coagulation
structures and aggregates and simple dense packing of
particles with limiting porosity and shear viscosity
can be formed. The effective viscosity of the dispersed
system grows up to a critical value corresponding to
their dense packing, which affects the velocity and
character of flow. Coagulation structures are formed
due to intermolecular bonds between particles, and if
liquid interlayers remain between the particles, the
thickness of this interlayer significantly affects the
strength of the coagulation structure. The viscosity of
free-dispersed systems increases as the concentration
of dispersed phase increases. The presence of dispersed
phase particles leads to distortion of the character of
fluid flow in the vicinity of these particles, which
affects the viscosity of the dispersed system [1,15].
The nature and properties of coagulation structures
significantly affect the basic properties of the dispersed
medium.

Heavy oil suspensions and emulsions belong to
multiphase systems characterized by all the diverse
phenomena inherent in disperse systems. Classical
features of dispersed systems are: aggregate state of
phases, dispersity and particle size, concentration of
dispersed phase and the nature of interaction at the
interface, which has a significant impact on the main
rheological parameters (stress and shear rate) of such
systems.

Conclusions
The empirical models for the rheology of high-

viscosity fluids used in the literature for specific
applications are formulae for adequate approximation
of experimental data. Nevertheless, we note that
attempts to find a general rheological equation for
different systems are considered an impossible task in
advance. In this study, based on flow hydrodynamics,
a generalized second-order nonlinear differential

equation (6) is proposed for the rheology of highly
viscous non-Newtonian fluids, reflecting the
dependence of shear stress on relaxation time and
shear rate. Using different boundary conditions,
different analytical solutions of this equation
(8)–(10) are proposed. General rheology equations
for stepped fluids (12)–(15) are derived and proposed.
Practical applications of these solutions for estimating
shear stress as a function of shear rate and relaxation
time and effective viscosity of heavy oils and dispersed
systems as a function of particle volume fraction are
proposed. Many specific applications of the new
rheological model to solve practical problems using
experimental data (20), (21), (22) and (26) are
presented. Comparison of the proposed rheology
models with available experimental data gave
satisfactory results.

This, the proposed physically meaningful
rheological models can be used in various fields related
to the flow of highly viscous non-Newtonian media,
such as the flow of polymer solutions or food products,
etc.

Symbols
l – cube face size; P – pressure; T – temperature;

t – time; V – flow velocity; x and y – spatial
coordinates; εD – specific energy dissipation;
ϕ – volume fraction of particles; ν – kinematic viscosity
of the medium; γ&  – shear rate; λ – relaxation time;
ρ – density of the medium; η – effective viscosity
of the medium; η∞ – shear viscosity corresponding
to dense packing of particles; τ – shear stress;
τ 0 – initial shear stress or yield stress.

Functions and indices
erf(x) – error function; D – dispersed phase;

0 – initial values; ∞ – limit values; n – degree index.
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ÇÀÃÀËÜÍÅ ÐÅÎËÎÃ²×ÍÅ Ð²ÂÍßÍÍß ÄËß
ÂÈÑÎÊÎÂ’ßÇÊÈÕ ÍÅÍÜÞÒÎÍ²ÂÑÜÊÈÕ Ð²ÄÈÍ ÒÀ
ÉÎÃÎ ÇÀÑÒÎÑÓÂÀÍÍß

Ã.². Êåëüáàë³ºâ, Ñ.Ð. Ðàñóëîâ, Ì.Ð. Ìàíàôîâ

Çàïðîïîíîâàíî íîâå óçàãàëüíåíå ðåîëîã³÷íå ð³âíÿí-
íÿ äëÿ âèñîêîâ’ÿçêèõ ð³äèí, ÿêå îïèñóº âçàºìîçâ’ÿçîê ì³æ
íàïðóæåííÿì çñóâó, ÷àñîì ðåëàêñàö³¿ òà øâèäê³ñòþ çñóâó.
Íàâåäåíî ð³çí³ àíàë³òè÷í³ ðîçâ’ÿçêè ç ãðàíè÷íèìè óìîâà-
ìè äëÿ îö³íþâàííÿ íàïðóæåííÿ çñóâó òà åôåêòèâíî¿
â’ÿçêîñò³ ó âèñîêîâ’ÿçêèõ äèñïåðñíèõ ñèñòåìàõ. Òàêîæ íà-
âåäåíî çàãàëüíå ðåîëîã³÷íå ð³âíÿííÿ äëÿ ð³äèí, ùî îïè-
ñóþòüñÿ ñòåïåíåâèì çàêîíîì. Ïðàêòè÷íå çàñòîñóâàííÿ
âêëþ÷àº îö³íþâàííÿ åôåêòèâíî¿ â’ÿçêîñò³ âàæêèõ íàôò ³
äèñïåðñíèõ ñèñòåì ç óðàõóâàííÿì óòâîðåííÿ òà ðóéíóâàí-
íÿ êîàãóëÿö³éíèõ ñòðóêòóð. Íîâà ðåîëîã³÷íà ìîäåëü ïåðå-
â³ðåíà íà åêñïåðèìåíòàëüíèõ äàíèõ ³ ïîêàçàëà çàäîâ³ëüíó
óçãîäæåí³ñòü.

Êëþ÷îâ³ ñëîâà: ðåîëîã³ÿ; íàôòîâ³ äèñïåðñí³ ñèñòåìè;
âèñîêîâ’ÿçê³ íåíüþòîí³âñüê³ ð³äèíè; óçàãàëüíåíå ðåîëîã³÷íå
ð³âíÿííÿ; êîàãóëÿö³éí³ ñòðóêòóðè; åôåêòèâíà â’ÿçê³ñòü;
íàïðóæåííÿ çñóâó; øâèäê³ñòü çñóâó; ÷àñ ðåëàêñàö³¿.
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A new generalized rheological equation for highly viscous
fluids is proposed, which captures the relationship between shear
stress, relaxation time, and shear rate. Various analytical solutions
with boundary conditions are presented to evaluate shear stress
and effective viscosity in highly viscous dispersed systems. A general
rheological equation for power-law fluids is also provided. Practical
applications include estimating the effective viscosity of heavy
oils and dispersed systems, considering the formation and the
breakdown of coagulation structures. The new rheological model
has been validated against experimental data, showing satisfactory
agreement.

Keywords: rheology; petroleum dispersed systems; highly
viscous non-Newtonian fluids; generalized rheological equation;
coagulation structures; effective viscosity; shear stress; shear rate;
relaxation time.
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