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To develop new materials with predefined properties, it is essential to accurately predict
their phase composition across the entire concentration range of the system. This requires
a detailed analysis of the subsolidus structures of multicomponent systems. However,
thermodynamic conjugation complicates this task, since solid-phase reactions may proceed
in different directions, thereby influencing the coexistence of phases. This article proposes
a method for analyzing thermodynamic conjugation that accounts for the most complex
cases of reaction direction changes. The method simplifies the determination of phase
compositions in multicomponent systems and improves the accuracy of predictions,
which is particularly important in materials science. The thermodynamic combination
of solid-phase exchange reactions of the «2=2» type into the «3=2» interaction mechanism,
demonstrated using the CoO—BaO—Fe,0; system, is frequently encountered in the
technological analysis of multicomponent systems. During the tetrahedration of four-
component systems, more complex types of conjugation may occur, such as «3=3» and
«2=4». While the analysis in these cases is more labor-intensive, the methodology remains
essentially the same.
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Introduction

The physicochemical basis for the development
of modern superalloys, oxide-anodized electrochemical
coatings, ceramic-matrix composites, sialons, and
functional oxide materials with specific electromagnetic
properties lies in the phase diagrams of multicomponent
systems. Each graphical element of a phase diagram
represents a strictly defined physicochemical state of
the system, which can be altered by varying external
parameters (most often temperature and pressure).
This makes it possible to predict ongoing processes
and to control the achievement of the desired properties

of the materials under development [1—4].

As the number of components in a phase diagram
increases, part of the information is inevitably lost
due to the limitations of graphical representation.
Diagrams with more than four components are
represented as hypothetical figures in multidimensional
space (pentatopes, hexatopes, and, in the general case,
polytopes). They can be analyzed through the study
of their subsystems using topological methods and
matrix analysis [5,6]. However, even many three-
and four-component phase diagrams remain
underexplored. The lack of such data prevents the
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adequate construction of more complex
multicomponent diagrams based on them as
subsystems. For these reasons, in materials science
practice, three- and four-component phase diagrams,
particularly those displayed in the regular concentration
triangle or in the regular concentration tetrahedron,
are the most widely used.

Methods for constructing and analyzing phase
diagrams have been evolving since the inception of
physicochemical analysis and have been summarized
in numerous works by materials scientists [5,6]. The
fundamental monograph [5] describes the application
of thermodynamic analysis to establish the subsolidus
structure of phase diagrams (i.e., below the melting
temperatures of the various phases in the system).
However, that monograph pays only limited attention
to reversible solid-phase reactions and to solid-phase
reactions capable of thermodynamic conjugation,
which may alter the subsolidus structure of phase
diagrams. In a later monograph [7], the main methods
of thermodynamic analysis of multicomponent systems
involving such types of chemical interactions are
presented. More recently, new principles for analyzing
these systems and methods for verifying constructions
in their subsolidus regions have been developed
[8—10].

The aim of this work is to present to specialists
developing new materials the principles of
thermodynamic analysis of three- and four-component
systems under complex conditions, specifically, when
thermodynamic conjugation of exchange-type solid-
phase reactions may occur in their concentration
regions.

Results and discussion

Theoretical background

The study of the subsolidus structure of three-
component systems involves the establishment of all
stable combinations of compounds of the system in
combinations of two and three, and in four-component
systems — also in four. In the composition of stable
combinations of phases (the term «phase» is more
correct, since the degree of stoichiometry of compounds
is not always reliably known), they are usually called
«coexistent», that is, chemically not interacting with
each other.

The points of composition of coexisting phases
are connected to each other by straight line segments
that do not intersect on the phase diagrams and form
elementary triangles in three-component systems, and,
in four-component systems, also elementary tetrahedra.
Triangulated and tetrahedral subsolidus regions of
multicomponent systems make it possible to predict
the phase composition of materials, which remains

unchanged within a certain temperature range. Using
experimental methods, even the triangulation of three-
component systems is an extremely labor-intensive
procedure that requires planning experiments,
preparing batches and samples, applying various heat
treatment modes, and studying the microstructure and
phase composition using modern instrumental methods
of physicochemical analysis. The procedure can be
simplified by thermodynamic analysis of the direction
of solid-phase exchange reactions, which are modeled
for all possible pairwise combinations of compounds
in the systems [7]. The number of double, triple, and
quaternary compounds (during tetrahedration)
determines the number of possible model solid-phase
reactions and, accordingly, the degree of complexity
of the subsolidus structure of the system [11]. Methods
of thermodynamic calculation and determination of
equilibrium phase combinations from the initial
reagents or from the products of solid-phase reactions,
according to the calculated Gibbs energy changes (AG)
at specific temperatures, are well known and described
in detail [5,7]. Triangulation and tetrahedration of
systems are based on the results of thermodynamic
analysis and are subject to experimental verification
only for a limited number of reference compositions.

A special situation with triangulation or
tetrahedration arises in cases where the coexistence of
phases is limited to a certain temperature, above which
they enter into solid-phase chemical interaction. In
this case, reactions of the type «2=2» and «2=3» (or
vice versa) can occur in three-component systems,
while reactions of the type «3=3» and «2=4» (or vice
versa) may occur in four-component systems. Here,
the equal sign separates the number of phases in the
initial reagents and in the reaction products. The
change in the combination of coexisting phases in
reactions of the «2=2» type at a certain temperature
actually corresponds to their reversibility. Graphically,
such a situation corresponds to the disappearance of
one connode and the appearance of another connode
intersecting the first, which is referred to as the
restructuring of connodes [7].

In other types of reactions, thermodynamic
conjugation of two or three solid-phase reactions of a
simpler type is realized. In essence, thermodynamic
conjugation is analogous to the concept of a steady
state in chemical kinetics. However, while the
establishment of a steady state involves the comparison
of reaction rates, thermodynamic conjugation involves
the comparison of AG values. Conjugation of solid-
phase reactions represents a kind of response of a
physicochemical system to increasing temperature,
and, in accordance with the Le Chatelier-Brown
principle, other phase combinations with higher melting
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temperatures are formed among the reaction products.
In fact, the system acquires the ability to undergo
structural—phase self-organization in order to preserve
its integrity under increasing thermal loads [7].

Accordingly, the identification of conjugation
processes provides specialists with a new toolkit for
developing materials with tailored properties. At the
same time, the complexity of the subsolidus structure
of systems also increases, since different temperature
ranges correspond to different variants of triangulation
or tetrahedration. In addition, non-trivial situations
arise in the thermodynamic analysis of coexisting
phases during the conjugation of solid-phase reactions.
The correctness of the triangulation is verified using
Kurnakov’s formula for the number of elementary
triangles (t) [5]:
t=1+N,+2N,, (1)
where N, and Nj; are the number of binary and ternary
chemical compounds, respectively.

At the same time, the formula, also proposed by
Kurnakov for checking the number of internal
connodes (k), that is, those not belonging to the sides
of the concentration triangle in three-component
systems, has been undeservedly forgotten:
k=N,+3N,. (2)

The correctness of the tetrahedration is not
verified, which is due to the situation of the existence
of an «empty contour» discussed in ref. [5].

Thermodynamic analysis for the systems under
study

Complex aspects of thermodynamic analysis of
the conjugation of solid-phase reactions are illustrated
using the example of triangulation of the specific
system CoO—BaO—Fe,0; (the following abbreviations
are adopted: «Co» — CoO, «B» — BaO, «F» — Fe,0;,
«BCo» — BaCoO,, «BFy» — BaFe,,0,, and
«CoF» — CoFe,0,). The analysis was carried out in a
simplified form, without taking into account the
existence of ternary chemical compounds. To establish
the connodes in part of this system (Fig. 1), model
solid-phase reactions were compiled, and calculations
of their AG values were performed at temperatures in
the range of 1000—1800 K (Table 1).

BaO

X BaFe200

Ba(

BaCoO:

CoO

CoFex04

Fe:x0s

Scheme of the subsolidus structure of the system under study

The negative sign of AG for reaction No. 1
(Table 1) indicates the thermodynamic preference for
its progression in the forward direction (from left to
right). Therefore, the compounds in the reaction
products (BCo and F) must coexist. A graphical
representation of reaction No. 1 is the intersection of
the hypothetical connodes: CoF and BF; with BCo
and F (point «a», Fig. 1). The composition of the
conditional compound at point «a» corresponds to
the total amount of components on either the left or
the right side of the equation for reaction No. 1, that
is, CoBF,.

Note that reaction No. 2 (Table 1) has the same
reaction products as reaction No. 1. However, the
sign of AG for reaction No. 2 is positive, which
indicates that the thermodynamically favorable
direction is the reverse one (from right to left).
Therefore, the compounds in the initial reactants must
coexist. The graphical representation of reaction
No. 2 (Table 1) is the intersection of the hypothetical
tie lines: Co and BF, with BCo and F (point «b»,
Fig. 1). Accordingly, the composition of the
conditional compound at point «b» is represented by
the total quantity of components on either the left or
the right side of the equation for reaction
No. 2 — BCoF,.

Essentially, reactions No. 1 and 2 are competitive
and share common chemical compounds in their
interaction mechanisms. If the possibility of
thermodynamic conjugation were not taken into
account, one could conclude that there should be a
connode between BCo and F, since the modulus of
the AG values for reaction No. 2 is smaller than the
corresponding modulus of the AG values for reaction

Table 1
Values of AG as a function of temperature for solid-phase exchange reactions in the CoO—BaO—Fe,0; system
Reaction Reaction equation AG, kJ/mol
number 9 1000 K 1200 K 1400 K 1600 K 1800 K
1 CoF+BF¢=BCo+7F —2021 —2099 —2178 —2257 —2336
2 Co+BF¢=BCo+6F 463 556 683 846 1046
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No. 1. However, solid-phase reactions No. 1 and 2
(Table 1), due to competition for common compounds,
can be conjugated, combining into a new interaction
mechanism of the «3=2» reaction type. In the simplest
case, the equation of such a reaction is obtained by
algebraic summation of reactions No. 1 and 2 (with
the value of AG also determined by algebraic
summation):

Co+CoF+2BF,=2BCo+13F. (3)

It is not difficult to calculate that the values of
AG for reaction No. 3 remain negative (in particular,
AG g5 k=—1558 and AG 5, xk=—1290 kJ/mol), which
confirms the previously assumed coexistence of
BCo and F. However, reaction No. 3 is only one of
the possible variants of thermodynamic conjugation
of reactions No. 1 and 2 (Table 1), since the geometric
representation in this case is the intersection of a
hypothetical elementary triangle with vertices at the
compositions of Co, CoF, and BF;, and a hypothetical
connode between the compositions of BCo and F
according to the mechanism of reaction No. 3
(Fig.).

Therefore, the set of possible reactions for different
variants of the conjugation of reactions No. 1 and 2
(Table 1) will correspond to the compositions between
points «a» and «b» in Fig. Accordingly, the solution
for the conjugation variant of reaction No. 3
corresponds to the hypothetical composition B,Co,F,;
(or BCoFy;), which illustrates that the point lies in
the middle of segment «ab» (Fig.), since point «a»
corresponds to the composition CoBF; and point «b»
to CoBF.

For the thermodynamic analysis to be complete,
it is necessary to show that none of the solutions in
the variants of conjugation of reactions No. 1 and 2
can yield a positive value of AG, which would exclude
the presence of a connode between BCo and F. The
thermodynamic conjugation variants of interest are
obtained by multiplying the masses of all compounds
in one of the reactions by the same factor. According
to the corollary of the Gibbs phase rule [6],
thermodynamic equilibrium does not depend on the
proportional change in the masses of coexisting phases.
In particular, if we take a factor of five for reaction
No. 2 and perform an algebraic summation with
reaction No. 1, we obtain the conjugation variant:
5Co+CoF+6BF=6BCo+37F. (4)

In reaction No. 4, compared to reaction No. 3,
only the stoichiometric coefficients changed, while
the combinations of compounds in the initial reactants

and in the reaction products remained the same.
Accordingly, by multiplying the value of AG for
reaction No. 2 (such factors in the theory of chemical
reaction kinetics are called run coefficients) and adding
it to the values of AG for reaction No. 1 (Table 1),
it is easy to calculate the values of AG for reaction
No. 4 and verify that they are positive over the
entire temperature range: AG o =294 and
AG 500 k=2894 kJ/mol.

In this case, the graphical representation of
reaction No. 4 corresponds to the composition point
of the hypothetical compound BsCo4F;; (or BCoF i),
which is shifted closer to point «b» along segment
«ab» in Fig. Accordingly, the ternary combination of
phases in the elementary triangle Co—CoF—BF, is
thermodynamically more favourable, while BCo and
F do not coexist (Fig.). The connode BCo—F is
interrupted, does not maintain its integrity,
and therefore cannot fully intersect the triangle
Co—CoF—BF,. The «interrupted» option is rejected,
and the «complete» one is accepted.

In essence, the stability of the CoF—BF, junction
is maintained by thermodynamic conjugation and the
additional presence of Co in the three-phase
combination. Thermodynamic conjugation of solid-
phase exchange reactions of the «2=2» type into an
interaction mechanism of the «3=2» type is often
encountered in the technological practice of analyzing
multicomponent systems. The situation considered
for the CoO—BaO—Fe,0; system can be generalized
in the form of principles:

1) If for both conjugated reactions of the type
«2=2» AG<Q0, then the two-phase combination of
chemical compounds in the reaction products of the
type «3=2» is stable; accordingly, in the subsolidus
structure of the system, there is a connode between
the points of the compositions of these compounds.

2) If for both conjugated reactions of the type
«2=2» AG>0, then the three-phase combination of
chemical compounds in the initial reactants of the
reaction of the type «3=2» is stable; accordingly, in
the subsolidus structure, there is an elementary triangle,
the vertices of which correspond to the points of the
compositions of these compounds.

3) If for conjugated reactions of the type «2=2»
the values of AG have different signs, then additional
analysis is required using the above method.

During tetrahedration of four-component
systems, more complex types of conjugation may occur:
«3=3» and «2=4». The analysis method in these cases
is more labor-intensive but does not differ
fundamentally from that discussed above, since the
visual representation corresponds to the intersection
of two triangles or a straight-line segment with a
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tetrahedron, respectively. It is evident that the search
for solution options should be carried out along the
straight-line segment common to the intersecting
triangles (reaction type «3=3») or along the straight-
line segment bounded by the external elements of the
tetrahedron structure (reaction type «2=4»).

Conclusions

Thermodynamic conjugation of solid-phase
exchange reactions in three- and four-component
systems is manifested in the ability to counteract
external energy factors most effectively by changing
the phase composition and corresponding
microstructure while maintaining the integrity of the
material. To obtain new materials with a set of
predetermined properties, it is necessary to accurately
predict their phase composition in any concentration
region of the system, which becomes possible when
analyzing the subsolidus structure of multicomponent
systems. Thermodynamic conjugation of solid-phase
reactions complicates the subsolidus structure, and
new methods are required to correctly determine all
possible coexisting phases for various combinations of
compounds in the system. The method of analyzing
thermodynamic conjugation considered here takes into
account the most non-trivial case, in which solid-
phase reactions proceed in different directions. The
principles for establishing coexisting phases during
thermodynamic conjugation allow materials scientists
to simplify the analysis of the subsolidus structure of
multicomponent systems and to increase the accuracy
of predicting the phase composition in any
concentration range.
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AHAJII3 TEPMO,Z[I/IHAMI%HOi CIIPAXKEHOCTI
TBEPJO®A3HHUX PEAKIIN OBMIHY V TPU- TA
YOTUPUKOMIIOHEHTHUX CUCTEMAX

C.M. Jloesinkos, H.C. Ilanko, I'M. Illa6anosa,
O.M. Bbopucenxo, M.IO. Ilsawenxo

Jns po3poOKM HOBUX MaTepialliB i3 3aJaHUMM BIACTH-
BOCTSIMM BaXJIMBO TOYHO MPOTHO3yBaTH iX (ha30BUi CKIAL y
BCilf KOHLIEHTpaliliHiil objacTi cuctemu. Lle morpebye merasb-
HOro aHaji3y cyOcojigycHOI OymoBM 0araTOKOMIIOHEHTHUX
cucteM. OgHAK TepMOJAMHAMIUHE CIPSDKEHHST YCKJIAAHIOE Liei
aHaJi3, OCKiIbKU TBepmodasHi peakilii MOXYThb IPOTIKATU B
pi3HUX HampsiMax, BIUIMBAIOYM Ha CIIiBicHyIo4i (a3u. Y 1iit
CTaTTi 3aIPONIOHOBAHO METOAMKY aHajidy TepMOAMHAMIYHOL
CIPSKEHOCTI, 110 BPaXOBY€E HAWMOLIBbII CKJIAAHI BUMAAKU 3MiHUA
HanpsiMy peakuiii. Lle no3BoJjisie cripocTUTH BU3HAUYCHHS (a-
30BOr0 CKJIaay 0araTOKOMIIOHEHTHUX CUCTEM Ta MiIBUILIUTU
TOYHICTh MOrO MPOTHO3YBaHHs, 110 OCOOJMBO BaXKJIMBO ISt
Marepiajio3HaBcTBa. TepMoaMHaMiuHe MOEIHAHHS TBEPHO-
da3HUX peakiiili oOMiHY THUIIy «2=2» B MeXaHi3M B3a€EMOIii
TUNY «3=2», SIKE€ PO3IJISHYTO Ha NPUKIAAi CUCTEMHU
CoO—BaO—Fe,0,, yacto 3ycTpiuaeThcsi B TEXHOJOTIUHIil
OpakTULi aHaji3y 0araTOKOMIIOHEHTHUX cucteM. Ilim yac
TeTpaeapallii YOTUPUKOMITOHEHTHUX CUCTEM 3yCTPIiYarOThCs CU-
Tyallii CKIamHIIINUX TUIIB CHPSDKEHHS: «3=3» Ta «2=4». MeTO-
IMKa aHajJidy y UMX BMITaJKaxX OUIbII TPyAOMiCTKa, ajie He
BiIpI3HSIETHCS Bil PO3IJISTHYTOI.

KarouoBi caosa: dazoBuil ckian, TPUKOMIIOHEHTHA
cucTeMa, YOTUPUKOMIIOHEHTHA CHCTeMa, TPUAHTYJISLIs,
TeTpaeapallis, TePMOAMHAMIYHE CIPSDKEHHST peakiiiid.
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To develop new materials with predefined properties, it is
essential to accurately predict their phase composition across the
entire concentration range of the system. This requires a detailed
analysis of the subsolidus structures of multicomponent systems.
However, thermodynamic conjugation complicates this task, since
solid-phase reactions may proceed in different directions, thereby
influencing the coexistence of phases. This article proposes a
method for analyzing thermodynamic conjugation that accounts
for the most complex cases of reaction direction changes. The
method simplifies the determination of phase compositions in
multicomponent systems and improves the accuracy of predictions,
which is particularly important in materials science. The
thermodynamic combination of solid-phase exchange reactions
of the «2=2» type into the «3=2» interaction mechanism,
demonstrated using the CoO—BaO—Fe,O; system, is frequently
encountered in the technological analysis of multicomponent
systems. During the tetrahedration of four-component systems,
more complex types of conjugation may occur, such as «3=3»
and «2=4». While the analysis in these cases is more labor-intensive,
the methodology remains essentially the same.
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