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The lead silicate system underlies many compositions of optical glasses with a high refractive

index. Such expensive and rare earth oxides as GeO2, La2O3, Ga2O3, Bi2O3, etc. are also

introduced into the composition of these glasses, besides the conventional oxides. The

development of new compositions of optical glasses is most frequently carried out by a

pilot and experimental method being a labor-intensive process and requiring the considerable

material expenses for performing the experimental research. It is possible to appreciably

decrease the scope of experiments using the calculation methods of preliminary estimation

of the glasses properties. The purpose of this work was to develop the mathematical

models of calculation for PbO–B2O3–SiO2–GeO2 based glasses, depending on their

composition and optical constants (refractive index nD, mean dispersion (nF–nC) and

dispersion coefficient D). In order to establish the interrelation between the optical constants

and the composition of multicomponent oxide glasses, the development of mathematical

models was carried out using an experimentally statistical method. The developed

mathematical models are adequate to the experimental data and allow calculating the

optical constants of glasses with the following mean-square deviations: nD=±0.014,

(nF–nC)=±11.110–4, and D=±0.4. The specified accuracy is sufficient for solution of

different practical tasks, which are connected with the selection of compositions of the

optical glasses with a preset complex of the optical properties.

Keywords: oxide glasses, optical glass, refractive index, dispersion coefficient, mathematical

modeling, additive coefficients.

Introduction

The PbO–SiO2 oxide system is the base of
chemical compositions of many optical glasses [1].
The PbO content in known compositions of glasses
varies widely from 10 to 70 mol.%. Besides the base
components, the compositions of specified glasses
contain also K2O, Na2O, B2O3, BaO, TiO2 and other
oxides in small quantities.

When developing new glasses which are notable
for the special optical properties, the scarce and
expensive oxides GeO2, La2O3, Ga2O3, Bi2O3, TeO2,
CdO, etc. are also introduced into their compositions,
besides the conventional components.

As a rule, new compositions of glasses with the
preset values of optical constants, such as the
refractive index nD, the mean dispersion (nF–nC),
and the dispersion coefficient D=(nD–1)/(nF–nC)
are created on a pilot experimental basis. This method
requires the considerable material expenses, which
may be reduced using the calculation methods for a
preliminary estimation of indicated properties.

However, for the optical glasses, which compositions
along with PbO may contain considerable amounts
of GeO2, La2O3, Ga2O3, Bi2O3, TeO2, CdO and other
oxides, the known methods for calculation of nD,
(nF–nC) and D are inapplicable [1,2].

Therefore, the purpose of this work was to
develop the mathematical models of calculation for
the PbO–B2O3–SiO2–GeO2 multicomponent glasses,
depending on their composition and optical constants
(nD, (nF–nC) and D).

Calculations

The development of the mathematical models
was carried out by the method of multiple correlations
[3]. The regression equation of the following form
was used to describe the dependence between the
properties and compositions of the multicomponent
glasses:
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where ŷ  is the calculation value of glass properties;

bi are the regression coefficients; xi is the content of
components in the glass, mol.%.

The values of regression coefficients were
estimated by the least square method [4] based on
three experimental samples of the glass compositions
with the known values of optical constants nD,
(nF–nC) and D, which were drawn with the use of
the SciGlass electronic database [5].

The approximation accuracy of the
experimental values of optical constants by a
regression equation (1) was estimated by comparison
of the residual dispersions 

2

resS  with the dispersions

relative to the mean values of 
2

yS . The specified
dispersions were calculated according to the following
formulae:
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Table  2

Regression coefficients and their mean-square deviations for calculation of the optical constants of glasses according
to Eq. (1)

Table  1

Numerical characteristics of experimental samples

Note: * –  The limits of component content for calculation of (nF–nC) and D.

No. Optical constants 
Amount of 

sample, n 

Range of values of 

optical constants 

Sample mean, 

i
y  

Mean-square 

deviation, Sy 

1 Refractive index, nD 861 1.540–2.249 1.848 0.126 

2 Mean dispersion, (nF–nC) 375 (130–636)10-4 33410-4 9710-4 

3 Dispersion coefficient, D 394 14–46 25.61 5.88 

 

No. Oxide 
Refractive index, 

ni102 

Mean dispersion, 

ni103 

Dispersion 

coefficient, i102 

Limits of component 

content, mol.% 

1 Al2O3 1.514±0.019 3321±306 61.6±1.1 0–20 

2 B2O3 1.411±0.004 –1623±84 50.2±0.3 0–60 

3 BaO 1.857±0.035 4724±322 52.8±1.3 0–20 

4 Bi2O3 3.165±0.064 22006±2134 –40.1±7.6 0–10 (5*) 

5 CdO 2.105±0.040 4656±500 14.4±1.9 0–20 

6 Ga2O3 1.631±0.025 1735±336 36.1±1.4 0–20 

7 GeO2 1.665±0.004 1095±78 35.1±0.3 0–70 

8 K2O 1.285±0.035 –1879±732 59.4±2.9 0–10 

9 La2O3 2.525±0.068 2552±762 26.5±3.1 0–12 

10 Li2O 1.853±0.063 5069±755 23.3±3.3 0–10 

11 Na2O 1.607±0.032 1436±483 24.7±2.0 0–10 

12 PbO 2.365±0.003 9507±66 0.7±0.2 10–85 (70*) 

13 SiO2 1.437±0.003 –1174±60 42.3±0.2 0–60 

14 SrO 1.872±0.212 4672±917 30.9±6.9 0–6 

15 TeO2 1.901±0.048 6413±852 15.9±3.4 0–10 

16 TiO2 2.389±0.037 11484±543 –11.4±2.2 0–10 

17 ZnO 1.941±0.017 3246±227 30.8±1.0 0–20 

18 ZrO2 2.243±0.072 5270±821 32.6±3.9 0–9 
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where F is the calculation value of Fisher’s criterion;
2

yS  is the sampling variance of the values of
properties; 

2

resS is the residual variance; y  is the
sample mean of property; yi is the experimental value

of the i-th glass property; iŷ  is the calculation value

of the i-th glass property; n is the size of the

experimental sample; and   is the number of
coefficients in the regression equation (equaling to
18, which is the number of components).

The more the value of 
2

yS  exceeds the value of
2

resS , the more accurately the regression equation
approximates the experimental data.

Results and discussion

The results of the statistical analysis of the initial
experimental samples and the limits of component
content in the glasses are listed in Tables 1 and 2.

It is necessary to point out that the glasses being
included in the experimental samples are
distinguished by the mean values of refractive index
(nD=1.848±0.12) combined with the low values of
dispersion coefficient (D=25.6±5.9). The optical
glasses with such combination of nD and D can be
qualified as the dense flint glasses (TF), extra dense
flint glasses (CTF) or heavy barium flints (TBF)
according to the Abbe diagram [6].

The values of the regression coefficients in the
equations (1) for the calculation of the optical
constants of glasses, depending on their composition,
are listed in Table 2. It follows from the data

presented in Table 3 that the developed equations
adequately describe the experimental data and allow
calculating the optical constants nD, (nF–nC) and D

for glasses with the indicated limits of component
content with a sufficiently high accuracy. The stated
facts are also confirmed by the results of calculation
of the optical constants for the single practical
compositions of lead-containing glasses (Table 4).
It is possible to increase the accuracy of the
calculation of the optical constants of glasses due to
an increase of the extent of approximating equation.

Taking into account the fact that the regression
coefficients in Eq. (1) are the estimations of the
partial contributions of oxides to the glass properties
[3,4], the analysis of their values can be performed
on the basis of the selection of the most preferable
components and their quantitative content in the
compositions of above-mentioned flint glasses with
a preset complex of optical constants and other
properties.

It follows from the graph shown in Figure 1
that the glass-forming oxides are arranged according
to the extent of increase of the refractive index of
lead-containing glasses in the following sequence:
B2O3<SiO2<GeO2. The oxides of the following series:
CdO<ZrO2<PbO<TiO2<La2O3<Bi2O3 are qualified as
the components of glasses being promoted an increase
in their refractive index to the fullest extent.

Taking into consideration the correlation
dependence shown in Figure 2, the specified

Table  3

Results of statistical analysis of the regression equations

Table  4

Chemical compositions of glasses and values of their optical properties

No. Name of optical constants 
Sample 

variance, 
2

y
S  

Residual 

variance, 
2

res
S  

Fisher’s 

criterion, F 

Mean deviation,  

i iŷ y  

1 Refractive index,  nD 0.01575 0.00031 50.8 ±0.014 

2 Mean dispersion, (nF–nC) 940910–4 20710-4 45.5 ±11.110-4 

3 Dispersion coefficient, D 34.57 0.336 102.9 ±0.4 

 

Content of components, mol % Experimental values Calculation values 
No. 

PbO B2O3 SiO2 GeO2 Ga2O3 La2O3 Al2O3 nD (nF–nC) D nD (nF–nC) D 

1 68.2 31.8 0.0 0.0 0.0 0.0 0.0 2.063 636.0 16.70 2.061 597.0 16.40 

2 65.0 12.1 19.6 0.0 0.0 0.0 3.3 2.044 619.4 16.86 2.040 586.3 16.84 

3 42.4 22.6 0.0 30.1 0.0 4.8 0.0 1.947 411.7 23.00 1.946 411.5 23.50 

4 50.3 0.0 49.7 0.0 0.0 0.0 0.0 1.906 419.4 21.60 1.904 419.9 21.40 

5 46.9 11.9 41.2 0.0 0.0 0.0 0.0 1.871 364.4 23.90 1.869 378.0 23.70 

6 20.0 0.0 0.0 70.0 10.0 0.0 0.0 1.801 281.2 28.50 1.802 284.1 28.30 

7 40.1 5.4 54.5 0.0 0.0 0.0 0.0 1.798 302.2 26.40 1.807 308.5 26.10 
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components in lead-containing glasses also promote
an increase of the mean dispersion and a decrease of
the dispersion coefficient.

Fig. 1. Sequence of the arrangement of oxides according to the

amount of their contribution to the values of glass refractive

index

Thus, it can be concluded that the
PbO–SiO2–GeO2 oxide system can be used as a base
of new compositions of glasses, which are
distinguished by higher values of refractive index
combined with the low value of dispersion coefficient.
Additionally, these glasses can also contain TeO2,
ZnO, CdO, Bi2O3, La2O3, TiO2 and ZrO2 in small
amounts.

Conclusions

We developed the mathematical models which
adequately describe the experimental data and allow
calculating the optical constants nD, (nF–nC) and D

with a sufficiently high accuracy. These models can
be used when developing the new compositions of
optical glasses, in particularly for the multicomponent
glasses based on the oxide system PbO–B2O3–SiO2–
GeO2.
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Fig. 2. Correlation between the partial contributions of oxides

to the values of refractive index and mean dispersion (a),

refractive index and dispersion coefficient (b)
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ÐÎÇÐÀÕÓÍÎÊ ÎÏÒÈ×ÍÈÕ ÏÎÑÒ²ÉÍÈÕ ÑÒÅÊÎË Â
ÎÊÑÈÄÍ²É ÑÈÑÒÅÌ² PbO–B2O3–SiO2–GeO2

Â.². Ãîëåóñ, Þ.Ñ. Ãîðäººâ

Ñâèíöåâîñèë³êàòíà ñèñòåìà ëåæèòü â îñíîâ³ áàãàòüîõ
ñêëàä³â îïòè÷íèõ ñòåêîë ç âèñîêèì ïîêàçíèêîì çàëîìëåííÿ.
Êð³ì òðàäèö³éíèõ îêñèä³â äî ñêëàäó öèõ ñòåêîë òàêîæ ââî-
äÿòü âèñîêîâàðò³ñí³ é ð³äêîçåìåëüí³ îêñèäè òàê³, ÿê: GeO2,
La2O3, Ga2O3, Bi2O3 òà ³íø³. Ðîçðîáêó íîâèõ ñêëàä³â îïòè÷íèõ
ñòåêîë íàé÷àñò³øå ïðîâîäÿòü äîñë³äíî-åêñïåðèìåíòàëüíèì
øëÿõîì, ùî º òðóäîì³ñòêèì ïðîöåñîì ³ âèìàãàº çíà÷íèõ ìàòå-
ð³àëüíèõ çàòðàò íà ïðîâåäåííÿ åêñïåðèìåíòàëüíèõ äîñë³äæåíü.
Ñóòòºâî çìåíøèòè îáñÿã åêñïåðèìåíò³â ìîæíà çà ðàõóíîê
âèêîðèñòàííÿ ðîçðàõóíêîâèõ ìåòîä³â ïîïåðåäíüîãî îö³íþâàííÿ
âëàñòèâîñòåé ñòåêîë. Ìåòîþ ö³º¿ ðîáîòè áóëî äëÿ ñòåêîë â
áàçîâ³é îêñèäí³é ñèñòåì³ PbO–B2O3–SiO2–GeO2  ðîçðîáèòè ìà-
òåìàòè÷í³ ìîäåë³ äëÿ ðîçðàõóíêó â çàëåæíîñò³ â³ä ¿õ ñêëàäó
îïòè÷íèõ ïîñò³éíèõ, òàêèõ ÿê: ïîêàçíèê çàëîìëåííÿ nD, ñå-
ðåäíÿ äèñïåðñ³ÿ (nF–nC) òà êîåô³ö³ºíò äèñïåðñ³¿ D. Ðîçðîáêó
ìàòåìàòè÷íèõ ìîäåëåé äëÿ âñòàíîâëåííÿ âçàºìîçâ’ÿçêó îïòè-
÷íèõ ïîñò³éíèõ â³ä ñêëàäó áàãàòîêîìïîíåíòíèõ îêñèäíèõ ñòå-
êîë âèêîíàíî åêñïåðèìåíòàëüíî-ñòàòèñòè÷íèì ìåòîäîì.
Îòðèìàí³ ìàòåìàòè÷í³ ìîäåë³ àäåêâàòí³ åêñïåðèìåíòàëüíèì
äàíèì ³ äîçâîëÿþòü ðîçðàõîâóâàòè îïòè÷í³ ïîñò³éí³ ñòåêîë ç³
ñåðåäíüîêâàäðàòè÷íèìè â³äõèëåííÿìè nD=±0,014, (nF–nC)=
=±11,110–4, D=±0,4. Çàçíà÷åíà òî÷í³ñòü º äîñòàòíüîþ äëÿ
âèð³øåííÿ ð³çíèõ ïðàêòè÷íèõ çàâäàíü, ÿê³ ïîâ’ÿçàí³ ç âèáîðîì
ñêëàä³â îïòè÷íèõ ñòåêîë ç çàäàíèì êîìïëåêñîì îïòè÷íèõ âëà-
ñòèâîñòåé.

Êëþ÷îâ³ ñëîâà: îêñèäí³ ñòåêëà, îïòè÷íå ñêëî, ïîêàçíèê
çàëîìëåííÿ, êîåô³ö³ºíò äèñïåðñ³¿, ìàòåìàòè÷íå
ìîäåëþâàííÿ, àäèòèâí³ êîåô³ö³ºíòè.
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The lead silicate system underlies many compositions of optical
glasses with a high refractive index. Such expensive and rare earth
oxides as GeO2, La2O3, Ga2O3, Bi2O3, etc. are also introduced into
the composition of these glasses, besides the conventional oxides.
The development of new compositions of optical glasses is most
frequently carried out by a pilot and experimental method being a
labor-intensive process and requiring the considerable material
expenses for performing the experimental research. It is possible to
appreciably decrease the scope of experiments using the calculation
methods of preliminary estimation of the glasses properties. The
purpose of this work was to develop the mathematical models of
calculation for PbO–B2O3–SiO2–GeO2 based glasses, depending
on their composition and optical constants (refractive index nD, mean
dispersion (nF–nC) and dispersion coefficient D). In order to establish
the interrelation between the optical constants and the composition
of multicomponent oxide glasses, the development of mathematical
models was carried out using an experimentally statistical method.
The developed mathematical models are adequate to the experimental
data and allow calculating the optical constants of glasses with the
following mean-square deviations: nD=±0.014, (nF–nC)=±11.110–4,
and D=±0.4. The specified accuracy is sufficient for solution of
different practical tasks, which are connected with the selection of
compositions of the optical glasses with a preset complex of the optical
properties.

Keywords: oxide glasses; optical glass; refractive index;
dispersion coefficient; mathematical modeling; additive
coefficients.
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